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Abstract

The purpose of this paper is to introduce a mapping in the framework of a 2-uniformly
smooth and uniformly convex Banach space and obtain a common solution for the fixed
point set of finite families of §;-enriched non-expansive mappings and (¥,3;)-enriched
strictly pseudocontractive mappings. Two solution sets of variational inequality prob-
lems are also given. Moreover, we prove several strong convergence theorems for

the fixed point set of the finite family of (¥,5;)-enriched strictly pseudocontractive map-
pings and the solution set of variational inequality problems. By using the famous Mann-
Halpern type iterative method we obtain some strong convergence theorems. Our
results from this paper improve and generalize many well-known results in the existing
literature.

1 Introduction and preliminaries

Throughout this paper, &, %, £*, UCB, USB and R will represent the real Banach space, a
nonempty subset of &, the topological duala space of &, uniformly convex, uniformly smooth
Banach spaces and the set of real numbers, respectively. Let g > 1 be a constant and define the
mapping #,: & — 267 by

Sq(0)={e* €& (e, £¥) =||e|| and ||€¥|| = ||€||"", Ve € £} (1.1)

Then, 7, is called generalized duality map on & In particular, #; is called normalized
duality mapping and it is often represented by _#. It has been established (see, for instance,
[1]) that 7,(€) =||¢||"2_# (¢) if € # 0 and that if £* is strictly convex, then _Z, is single-
valued, which is denoted by j,, but it becomes an identity operator in Hilbert spaces. For
convenience, we shall use J in place of _# where necessary.
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Definition 1.1. Let & be Banach space. Then

1. & is called UCB if given € with 0 < € < 2, the inequalities ||¢|| < 1, ||w®|| < 1 and
+ w’
<1-4.

2. & is called smooth if for each £ € S = {¢€ € & : ||€|| = 1}, we can find a unique function
je € &* such that (¢,j,) = ||€]| and ||j.|| = 1.

3. & is called g-USB (g > 1) if we can find a fixed constant ¢ > 0 such that ps(y) < €7,
Yy € Z* (#* denotes the set of positive real numbers). It is not difficult to see that
every ¢g-USB is uniformly smooth.

€
||€ - @°|| > € entail that we can find § > 0 such that H

Definition 1.2. Let & be a Banach space. Then, a function pg : Z* —> %" is called modulus
of smoothness of & if the following identity holds:

1€+ @l +1¢ - =°]]
2

pe(7) =Sup{ -1:e] = 1,||w0||:}’}-

& is called uniformly smooth if

lim 220D
=0y

It has been established that if & is a USB then it is a smooth Banach space.

Suppose that § : € — € is a nonlinear mapping. Then, we refer to F(J), ./ and Z as
the set of fixed point of S, the the set of positive integers and the set of real numbers, respec-
tively. When {¢,} is a sequence in &, strong (respectively weak) convergence to a point € will
be represented with — (resp. —).

Definition 1.3. S is called (¥, §)-enriched strictly pseudocontractive mapping (ESPM) (see
[2,3]))if V¢, w°’ € €, q¥Y € [0,00) and & € [0, 1) such that

[P(6-w°) + Tl -ST°||* < (¥ + 1)) -=°|* + 9]|6 - @° - (S¢ - Sw°)||%
or equivalently,

(Pl -w°) + 36 -S’j((F+1)(¢-w°))) < (¥+1)%-=°)°
-9 -w° - (S¢ - Fw°)|)% (1.2)

1
where j(¢ -w°) € J(€ -w°). Set ¥ = o 1 in (1.2). Then, by Proposition 1.1 (3) (see below), it

is easy to see that
(Sl - Sue@’,j(¢ -w°)) < || -@°|” - 9]|€ - @° - (Swl - Su@’)|% (1.3)

where S, = (1 - @)I + wS is an average operator and I denotes the identity mapping, and I,
is called 9-strictly pseudocontractive. The inequality (1.3) could be written equivalently as

((I-Bw)l - (I-SBu)w@’,j(6 -w@°)) 2 9|16 - @° - (Suf - Suw)|I*. (1.4)
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Remark 1.1. Set 3 =0, then (1.2) becomes
(P -w°)+ 3 -F°,j(T+1)(¢-w°))) < (¥+1)?)¢ -7, (1.5)

which defines the class of mappings known as W-enriched non-expansive mapping (¥-ENM),
which was first considered by Berinde [4,5]. This class of mappings contains one of the ini-
tial classes of mappings (nonexpansive mappings) whose fixed points were evaluated using
geometric properties instead of the compactness conditions. Aside generalizing the class of
contraction mappings (and its intimate relationship with the monotonicity techniques), non-
expansive mapping practically stands as transition operators for initial value problems of dif-
ferential inclusion, accretive operators, monotone operators, equilibrium problems, and vari-
ational inequality problems. Recently, several extensions and generalizations of this important
class of mappings have been examined by different researchers; see, for instance, [6-8] and
the references contained in them.

Example 1.1. (See [3]) Let & = R? be equipped with the Euclidean norm and

€ ={(61,6,) ER*:£,,6,>0,67 + €5 < 1}.

Define the mapping § : € — % by §(w*,¢) = (= Z,%). Let W € [0, +00) and § € [0, 1).
Then, for all @?°, ¢ € €, we have
| ¥(w’ - ¢) + Sw’ - 3¢ ||° | ¥[ (w9, 1) - (w5, 62)] + S (w9, 1) - S(w5,62) |I?

qu(wﬁ‘wg,v”l —6y) + (ﬁ’&)_ (ﬁ €2) ‘2

>

‘w"’—‘w"’2 2 2€1?—€2 2
- (-« T w6 + [
_ ||(2‘Pw€—2‘11w§+w‘l’—w§ 298, - 2We, + €, -4, H2
_ ” (2111+1)w€2—(2‘11+1)w‘2’ (2‘P+1)€21—(21P+1)€2)H2
2 ’ 2
(2 Y-
i (2q1+1)”(w€’€) (wg,ez)” (1.6)

Also, by setting Q= (¥ +1)? | @’ - € ||* +8 || @° - € - (Sw’ - 3¢) ||%, we obtain that

Q = eI - @ e 3@t @ e -[(T29) - (T )]
= @) (@) - (@) I 48| (- ) - (T O
= (P+ 1)’ (=, 61) - (@5, 6) ||2+9|| w‘i—@é’—m,el—ez—&z& ||

- (@) - (@) [P (PRI 2B
= (¥+1) || (@), 61) - (w5, 62) ||2+9”(@,€1;€2)H2
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9 2
(¥ )2 || (,61) - (@5.02) I+ (@ - w1 - 02)

9
(¥ 1)? || (,01) - (@5,05) |+ (=t 00) - (5 02) I

[0+ 2|0 - i) a7)

(16) and (1.7) imply

| (= - ) + S - G |2

2
2¥ +1 R R
( ; )u(wl,el)—(wz,ez)nz

IA

9
(1)« 2]l (wh0) - (@5,62) IP
W1 |- )P+ || = -¢ - (Sw’-3¢) |°.

Thus, the mapping S is a (W, 9)-enriched strictly pseudocontractive mapping. Further,
observe that (0,0) is a unique fixed point of 3.

In the setup of a real Hilbert space, inequality (1.3) is written as
(IS0l - Su@||> <16 - @°|* + 9|6 - ©° - (Sl - Suw@)|, (1.8)

where 3, is described in inequality (1.3). Set § = 1 in (1.8), then we have the class of pseudo-
contractions.

It is worth noting that the class of (¥,9)-ESPM was initiated by Berinde [2], as a general-
ization of the class of 9-strictly pseudocontractions (Recall that J is known as 3-strictly pseu-
docontraction if || F€ - S&°||* < ||€ - @°||* + 9||€ - @° - (F¢ - Sw’)||% forall ¢, w° € ¢). In
[2], Berinde proved that every (¥, k)-enriched strictly pseudocontractive mapping defined on
a bounded, closed and convex subset €’ of a real Hilbert space has a fixed point.

Let & be a Banach space, 0+ ¢ C & and D C €. A mapping P: ¢ — D is sunny (see [10])
aslongas P(€ +y(€ - P(¢))) =P(¢),V¢ € ¢ and y > 0, whenever € + y(€ - P(¢)) €€. Pis
called a retraction if P = ¢ and the sunny nonexpansive retraction (SNR) from % onto D if P
is a retraction from ¢ onto D.

Let A: 4 — & be a nonlinear operator. Then, A is called an accretive if we can find
j(¢ -w°) € J(€ - w°) such that

(Al - Aw®,j(6 -w°)) > 0,Y6, @’ €F.

A is called a-inverse strongly accretive if we can find j(€ - @°) € J(¢ - @w°) and @ > 0 such
that

(Al - Aw’,j(¢ - @°)) > a||A¢ - Aw’|*, Ve, w° €F.

Note that if S is a 9-strictly pseudocontractive mapping, then I - S is 3-inverse strongly
accretive.

Let & and € be described as above. Then, the variational inequality in & is to search for an
¢* € € that assures the inequality

(Ae*™,j(e-€*) >0,V EeF (1.9)
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for some j(¢ - w°) €J(¢ - w°). Problem (1.9) was studied by Aoyama et al. [11]. The set of
solutions of the problem (1.9) in & will be represented with . (%, A), that is,

F(€,A)={s€C:(As,](t-s)) = 0,VtE€F}. (1.10)

Many practically oriented problems in pure and applied sciences, physics and economics
can be recast in the form of (1.9); see, for example, [12-14]. To solve the problem (1.9), sev-
era] researchers have attempted to use the following methods. Let S be a nonexpansive map-
ping with a fixed point and the sequence {@, } > be chosen such that {a, },>0 C (0,1) and
Yo o an(1-at;) = co. Then the normal Mann iterative sequence {¢,}52,, first studied by Mann
[15], is given by

{go € (1.11)
1= (1-0a,)l, +a, €.

The above sequence is known to admit weak convergence. In a quest to obtain strong
convergence, Halpern [16], in 1967, initiated the following technique:

{g"e(g’ (1.12)

Cpi1 = (1 - an)€0 + ansgn:

where S is a nonexpansive mapping with a fixed point and {a, }»>0 C (0, 1). He noted that
the conditions lim,,_, ,, @,, = 0 and Z:ZO ay, = oo are necessary in order to establish strong
convergence of {€, } >0 to the fixed point of J. Subsequently, several authors have modified
the iteration technique (1.12) in an attempt to establish strong convergence results; see, for
example, [17] and the references therein.

In [18], Zhou obtained strong convergence results using modified Mann-Halpern iteration
technique for 9-strictly pseudocontractive mappings in a real 2-uniformly smooth Banach
space.

In [11], Aoyama et al. studied Mann-type recursive sequence and showed that such a
method admits weak convergence results for the class of nonexpansive mappings. In addition,
they proved weak convergence theorem for finding the solution of the variational inequality
problem (1.9) in a 2-uniformly smooth Banach space.

In [26], Karntunykarn and Suantai gave the following definition.

Definition 1.4. Let & be a real Banach space, 0+ ¢ C & and {S,}%, : & —> JZ be a finite
family of mapping, where m € 4. Let §, = (8], 6%,85) €] X J X J for each r=1,2,---, m, where
J=[0,1] and &} + &} + &} = 1. The mapping .¥ : ¥ —> ¥ given by

Gy = I
G = 61S1Gy+8,Gy+ 831
G, = 6i9:G +6,G +831
Gy = 8,3:G+8,G,+ 651
Gua = ON'Si1Goy + 0N Gy + 7T
S = Gu=0""SnGpy + 067Gy + 071 (1.13)

is known as the .’-mapping generated from 1, 32, -, S, and 61,62,y
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If 85 =0, for every r = 1,2, -, m, then (1.13) reduces to the class of K-mapping which was
first studied in [19].

In [20], by means of K-mapping defined in a real 2-uniformly smooth Banach space, Karn-
tunykarn and Suantai constructed the Mann-type iterative method for finding a common ele-
ment of the sets of fixed points of an §-strictly pseudocontractive mapping and nonexpansive
mapping, and the set of solutions of finite family of variational inequality problems.

Recently, Karntunykarn [10] introduced the mapping below as a generalization of (1.13).

Definition 1.5. Let & be a real Banach space, 0+ 7 C & and {S,}2,,{0,}/L, : & —> ¢ be
finite families of mappings, where m € 4. Let 8, = (87,85,85) € IXJX ] foreachr=1,2,---,m,
where J = [0,1] and 8] + &} + &} = 1. The mapping D* : # — % defined by

G() = 61 =1
G = 081(8{S1Go+6,Go +83])
G2 = 62(5%52G1 + 5§G1 + 53231)

G3 = 63(5%83G2+5SG2+5§I) (114)
Gm—l = 6m71(5;n—1‘o§m?1 Gm,z + 5;’1_1 Gm,z + 5?’_1[)
D = Gm = am(c?{”SNGm_l + 5;”Gm_1 + 5_«:”1)

is known as $*-mapping developed from I}, 3, +, Sy, 01,02, -, 0, and 81, 82, -+, S .

In addition, he established that $* mapping is nonexpansive and further showed that the
Mann-Halpern-type algorithm can assure strong convergence results to the common ele-
ment of the fixed point sets of a finite family of §3;-strictly pseudocontractive mappings and
nonexpansive mappings and the two sets of variational inequality problems in a 2-uniformly
smooth and uniformly convex Banach space.

After reviewing the above papers, it becomes pertinent to ask the questions below.

Question 1.1. 1. Is it possible to construct a mapping that could obtain a common ele-
ment of the set of solutions of the variational inequality problem and fixed point prob-
lems of a finite family of (¥;, 3)-ESPM and a finite family of ¥;-ENM?

2. Can the results established in [10] be extended to the classes of §-enriched non-
expansive mappings and (W, §)-enriched strictly pseudocontractive mappings?

Following the results in [10] , the purpose of this paper is to study the Mann-Halpern
type method for the classes of a finite family of x-ENM and (i, 9;)-ESPM and variational
inequality problems under a more general setting.

The rest of the paper is structured as follows: we present basic definitions and lemmas in
Sect 2; in Sect 3, we present the algorithm for obtaining an answer to Question 1.1 and further
analyze the convergence of the suggested method.

We need the following known results in the sequel. Meanwhile, &, %", UCB and USB are
still as described in Sect Sect 1.

Lemma 1.1. [21] Let & be a real 2-USB and UCB with the best smooth constant B>, then the
inequality below holds:

1€ +°|)* < ||1€|1> + 2(=°, J(€)) + 2||B=°||>, V&, w’ €.
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Lemma 1.2. [22] Let B, = {¢ € & : ||¢|| < p, p > 0}, where & is a UCB. Then, we can find a
continuous and strictly increasing and convex function g: [0,00) — [0, 00), g(0) = 0 such that

et + pw” +ya|* < allé|* + Bll’||* + yll=|l” - aBg(ll€ - |,

forall ¢,@°, @ € By, and a, B,y € [0, 1] witha + f +y = 1.

Lemma 1.3. [11] Let & be a smooth Banach space and 0+ € C & be closed and convex. Let
A:€ — & be an accretive operator and Q¢ : & —> € be a sunny non-expansive retraction
from & onto €. Then, for all 1> 0,

S(€,A) = F(Qe(I-14)).

Lemma 1.4. [21] Let p >0 and & be a uniformly convex. Then, we can find a convex, strictly
increasing and continuous function g: [0, 00) — [0, ), with g(0) = 0 such that V¢,w° €
Bp={¢ €& :||¢|| <p} and for any a € [0, 1], the following inequality holds:

lla +(1-c)@’|I* <alle]* + (1 - a)l|@’|* - a(1 - a)glié - ”|.

Lemma 1.5. [23] Let & be a real uniformly smooth Banach space, 0+ € C & be closed and
convex and for ¥ € [0, 00), let § : € —> € be an W-enriched non-expansive mapping with
nonempty fixed point F(3). If {€,}3>, C € is a bounded sequence such that

lim,_ |[¢ - €| =0. Then, we can find a unique sunny non-expansive retraction Qg(g) :
€ — F(S3) such that

lim sup(u - Qp(gy, J(€n - Qp(syu)) <0,

n—-oo

foranyue €.

Lemma 1.6. [24] Let {v, }52, be a sequence in a set of nonnegative real numbers satisfying
the identity

Vnt+1 = (1 - an)vn + 611: Vn >0,

where {at, } 52, is in (0,1) and {B,} 5>, is a sequence such that

(@) Yo Q= 0o,

(b) limsup, i— <0o0r 307 |Bal < co.

Then, lim,_,o v, = 0.
The following proposition provides some fundamental properties of duality mapping:

Proposition 1.1. [25] Let & be a real Banach space. For 1 < q < oo, the duality ], :
& —>2°" has the following fundamental properties:

. Jq(€) #0for all ¢ € & and D(J,)(: the dormain of J;) = &;

) = [ET(), Ve e £ (e <o)

Jg(al) =a®l,(¢) a€l0,00);

. ]q(_"ﬂ) = _]q(g);

- Jq is bounded, that is, for any bounded subset A C &, Jo(A) is a bounded subset in &*;

G AN W N~
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6. ] can be equivalently defined as the subdifferential of the functional % (€) = q”*||€||%, that

Jo(£) =0%(8) ={p €™ P(w’ -%(¢)) 2 (Y, @" - £), V=’ €&}

The authors in [27-33] worked on several iterative schemes that played an important role
in variational inequality problems.

2 Main results

In this section, the main results of the paper are proved. In the sequel, we give the following
definitions.

Definition 2.1.  Suppose that & is a real g-uniformly smooth Banach space for g > 1. A map-
ping A whose domain and range in & are denoted by D(A) and R(A),respectively, is referred
to as (%, 9;)-ESPM in the thought of Browder and Petryshyn [9] if there exist x € [0,0), 8 €
[0,1) and j,(¢ - ®w°) €J,(¢ - w@°) such that for all ,w° € D(A), the following inequality
holds:

((6-T°) + AL - AT, jy(+1) (£-°))) < (x+1)7[[6 - ||1- 87} ||£ - AL~ (=° - A .
(2.1)

Remark 2.1. Some immediate consequences of (2.1) are:
1. If g =2, then (2.1) reduces to
((6-w°)+NE-AT°, jo((+1) (€-°))) < (+1)?||6-w°||*-9]||6-Ae-(°-AwT°)||%,

a notion studied in [2,3].
2. Ifx =0, then (2.1) reduces to

(A€ - AT’ jy(¢ - @) <16 - @°||7 - 97|16 - Al ~ (w° - Aw”) ||,

a notion examined in [32].
3. If & is a real Hilbert space, then (2.1) reduces to

(x(6-°)+ A -AD°, () +1)(€-°)) < (x +1)?||6 -=°||* - 9||¢ - Al - (@’ - Aw”) ||,

a notion investigated in [2].
4. Ifx =0 and q =2, then (2.1) reduces to

(A€ - Aw,j(¢ - ) < || - | - 3]1¢ - A¢ - (@ - A,

a notion considered in [6,30].
5. If g=2,9 =0, then (2.1) reduces to

(x(€ -@°) + A - AT, j((x + 1) (€ -@°))) < (% +1)*||€ - &°||,

a notion studied in [4,5].
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1
Sety = SL Then, y € (0, 1]. Consequently, (2.1) becomes

(LD =)+ ne-na G (e-w)) < e - -5 e Ao~ (a - Aar)

which, by Proposition 1.1 (3) and on simplifying, yields
(Ayt - Nyw*,j, (€ -@°)) < || - w°||1 - 89716 - Ayl - (w° - Ayw®) |9, (2.2)

where Ay = (1 - y)I + yA, Iis the identity mapping on &. It is not hard to see that inequality
(2.2) is equivalent to

((I-Ay)e - (I- A )@ jo (€ - @°)) > 8| - Ayl - (= - Ay=®)||F, (2.3)

Observe that the average operator A, in both (2.2) and (2.3) is 9-strictly pseudocontrac-
tive.

Definition 2.2. Let & be a real Banach space, 0+ 2 C & and {S,}"|,{0,}1, : # —> ¢ be
finite families of mappings. For each r=1,2,---,N, let §; = (87, 85, 85) € JXJX]J, where ] = [0,1]
and 87 + &} + 8} = 1. The mapping D* : ¥ — ¥ is defined as follows:

Gy = Opy=1

G = 01(8,Sw1Go+6,Gy+ 83I)
Gy = 842(61SBw2G1 + 855Gy + 83])
Gy = 0u3(8,803Gy+6,G, + 831)

Gm—l = 6w,m—1(5in_lsw,m—le—2 + 531_1Gm—2 + 5?_11)

D = Gm = aw’m(ainSw’NGm_l + 5;”Gm_1 + 5;”[),

wherem e A, S, = (1 - )] + wS,and 0y, = (1 - @)I + wd,, i=1,2,--,m. This mapping
is known as W-enriched D*-mapping developed by S 1, Se.2, > Sewo,m> 01> 0,25+ 0o and
61,605,605, r=1,2,---,m.

Remark 2.2. IfW¥ =0, then w = 1 and W-enriched D*-mapping reduces to S*-mapping. Thus,
the class of W-enriched D*-mapping properly includes the classes of S-mappings, S*-
mappings and D*-mappings.

In the course of proving our main results, the following assumptions are used.
Assumption A,

1. & is a 2-uniformly smooth and uniformly convex Banach space and 0+ € C & is closed
and convex;

2. {5}, : € —> € is a finite family of (¥, A,)-enriched strictly pseudocontractive map-
pings (ESPM) and {0;}", : € — % is a finite family of ¥;-enriched nonexpansive
mappings (ENM) with ()", F(S:) n (., F(3,) # 0and A = max{A;, 5, A, } with
B? < 1, where B is the 2-uniformly smooth constant of &

3. 8,=(61,685,65) € IX]x ], where J=[0,1], 8] + 83 + 85 =1,8},8, € (0,1] and 6} € (0,1)
forallr=1,2,---,m;
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4. D* be an W-enriched D*-mapping developed by the sequences {S¢,;} ™, {0w,}™, and
{5 }r—l’

5. o, are &- and p-inverse strongly accretive mappings of ¢ onto &, respectively;
6. Q« is a sunny non-expansive retraction from & onto %

Assumption A,
{2 {wn} 21 {0n} 21, {€, )2, and {@,} 2, are sequences in [0,1] with 77, + w, + ¢, +
®n + &, = 1 and satisfying the conditions below:

(a) hmﬂn—O Znn— 00;
(b) {Qn}n 1,{%}” 1,{§n 1S [e.d] c (o, 1) for some c,d>0 Vn>1;
(0 Zlﬂn+l—77n|<°° len+l_wn|<°° len+1—Pn|<°° Z|§0n+l—§0n|<0° Z

n=1 n=1 n=1 n=1 n=1

[§ns1 = &ul < 005
(d) 0< hm mfa)n <limsupw, < 1;

n—-0o0

(e) ae (0,%) and b e (0,%).

Now, we prove the following result by using W-enriched D*-mapping in a 2-USB and UCB.

Theorem 2.1. Let &, {S;}",,{8;},,8; and D* be as described in Assumption A,. Then,
F(D*) =7, F(S:) N, F(3;) and W-enriched D*-mapping is nonexpansive.

Proof:Let m € A, &0 € F(D*) and ¢* € (" F(S3,) N (., F(3,). Then, we have the fol-
lowing estimates: Set Q = 67", mGm-1€0 + 05 Gm-1€0 + 65'€,. Since
Q = 5;’1((1—CL))I+CL)8m)Gm_1€o+5?Gm_1€0+5;’1€0
1 1
= 5?((1_ﬁ)Gm—1€0+ﬁsmcm—l€0)+5£ﬂGm—1€O+5gﬂ€0

m(_ ¥ 1 m m
= & (ﬁcm—lgo + ﬁSmeflgo) + 85 Gm-1€0 + 85 €

5m
= lpi . (WGN_1€0 + SGr1€0) + 85 Gy + 656

and 8y, = (1 - w)I + wd,,, it follows that

18 (87 S o Gm-1€0 + 85 G1 €0 + 85'60) - €|
_ ” v 2
P+1\W+1
1 s
+7am(71
¥ +1 ¥+1

160 - €*|1°
(Y160 + G 160) + 03 G160 + 81160 )

2
(LPGm_lgo + Sme_lg()) + 5me_1€0 + 5m€0) —€*

(lp+1)2H (qum 160 + SmGm- 1000))"'5 Gy 1€0+5 £

(8 (WG 10" + B G 10%) + 87 G 10 + 870
Y+
5m
+6m(11141r1
T
o

(WGm_lgo + Sme_lvpo) + 5;”Gm_1€0 + 5_:,”€())
‘2

m— 1€0+JNGm 1€0)+5 Gm 1€0+5 €o—€*

1O + sme_le*) + 87 G € + 5’”5*)

_am(

]

IA

1)}

1
(¥ + 1)2
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IN A

2 8
1_m—qjm— c’mm— e
H( 53 )[(q‘+1)(1_5§n)( G 1€0+'\S G 1€0)+ (1_5:?1)G 1€O]
2
+5gn€0_€*
m st

H(1 g )[W(W(Gm_leo —0*) + FnGomr o — €¥)

8y m
+(1_5?)(Gm 160 -€%)] + 8 (60 - €*
(1-65) .
‘~P+1)2||(1 [ (U(Goalo =) + S Grro - %)

am
s )((‘P+1)(Gm R )|| + 87160 - €*|2
(1-65) .
qJ+1)2||(1 [ (H(Goalo =) + S Grro - %)

m

(15 is;” )((‘I’ 1) (G- )|+ 820 - 1P

(1-57)
(lp+1)2||(1_5g")

[(T(Gm,lvpo —€*) + Sme—1€0 —€*) - (IP-{- 1)(Gm,1€0 —€*)]

2
+(U+1)(Gprbo - €%)|| + 7160 - €%

(1-65) 2 2, 50 . x
{4 12Gn160 - €I + 2 5 ((B(Gi€0 =€) + B Gnor - £¥)
- V3

(¥ +1)?
~(¥+ 1) (G160 = €7),j((¥ + 1)(Gmorbo - €7)))

o\
+232(W) 1(¥(G-1€0 = €*) + G160~ €*) = (¥ +1) (G160 - €)1}
)

+6%'[160 - €I
(1_5?[) * 5”1 *
W DG o= I+ 202 (WG by = 7)
+Sme,1€0—€*),J.((lP+1)(Gm,1€0—€*)))

(P +1)2
+21(7+m)(€* — Gunrlor j(Gro - €*))

-0

+232(_75m) 1S G160 - ,,,_leo||2}+5g"||eo-€*||2

1-6
b {2 170G o= 1P+ 272 (4 1 Goa - £

S™M(W+1)2
9T - $0)Gurr6ol] - zlfiam)ne* il
]

oM 2 N
+232(ﬁ) [|SNGm-1€0 - Gm—1€0”2} + 87|60 _€*||2

(1-87)
(¥+1)2
+67'|160 - €7

(1= 8)|Gmr€o - €| + 85160 - €* |1

(1-85)[(1 = 85" IGmealo - €* |17 + 85|60 - €*|1P] + 85|60 - €|
(1-87")(1 -8 IGmato - € |1P + (1 - (1-8571) (1 - 8))|6o - €™

(120G - €1 - 272 (9 - (1 255) 1= S) Gl
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(181Gl — €*|I* + (1 - H (1-85))l10 - €* |1

I

r=m-1 r=m-1
< JT-8)IG:0 - x| + (1-TT(1-85)l160 - €%

r=3 r=3
= [0 -8)11802(81Fw2Gr + 835Gy + 831)¢0 - €*|* + (1= [ [(1-83))l160 - €*|

r=3 r=3

< 5% fard 2 2
= H( (lp+1 €0+\52G1€0)+52G1€0+53€0)

r=3

52

lIJ+162(lP (lPGlg()-‘r\SzG €0)+5 G€0+5 €0)
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< JIa 5){01] 1)2[ qu o+ $2G10y) + 62G1 0y + 626, - £ ]}

r=3

+(1-TT(a-&ne - eI
r=3
52 53

- :!;3[(1 —5;){”(1 —5§)[m(TG1€Q + 326150) (1 - 53)G €0] + 62 264 _e*

}

a-TTa-8lieo-*I7

B j!:”;[(l_a;) (1_5§)[(1P1)5(21)(IP(G €O e*)+\52G €0—€ )
tazay 2 57y (Crfo- €*>]+5§(€o—€*>2+<1—1f[<1—6;))||eo-e*||2

< ﬁ(l—a’{(l 52)“ 5 (F(Gilo = 0%) + 8261 = %)

- r=3 (IIJ+1)2 (1 o g 0
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u fag)“‘“1><GI€O—€*>>||2+6%H€o—e*n2} a-TTa-5pieo-e7IF
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r=2 r=2

= H(1—5)||6w1(518w1G0+5 Go +831) 80— €*|1* + (1 - H(l—é’))||€o—€*||
r=3 r=3
n v o5l

= J10-8)| g (gog (¥Goto + $1Goto) +83Grto + 6 eo)

r=3

1 (51

+IP+ 16 7 (WG0€0+01G0€0)+5 G0€0+5 50)

PLOS One | https://doi.org/10.1371/journal.pone.0329105 August 28, 2025 13/29



https://doi.org/10.1371/journal.pone.0329105

PLOS One

Variational inequality methods

IA

IA

IA

+(1—ﬁ(1—5;>)||eo—e*||2

H(l 5] W I)ZH‘P (‘PGo€o+«slG 6)) + 3Gt + 364
51
(G (WGot™ + 1Gol™) + 83Gol ™ + 83¢*) )
51
+61( 1 - (WGolo + B1Goty) + 81Goly + 53150)
1 m
-0, (lpal (YGpl™* + F1Gol™) + 8,Gol™ + 68 €*) } (I_H(1_5§))||€0—€*||2

m

11(1_5;){(11411)2 }

r=

€0+\51G0€0) +5 G0€0+5 €0—€*

1}

~1-TT0 -8l -1

51 51
—‘PG€ Gol,
STy (1= ey (Flfo T SGoo) + T

-TT-8lieo-*I7

- r 1 5%

[1a-eja-a0l ey

+ 5
(-8

ﬁ 1-68%) { 1)2H(1 (W(Golo - €*) + F1Goto - €*)

Goeo] +8L6 - 0*

}

[Ta-s{la-o[g

(W(Gogo —6*) + 81G0€0 —€*)

(Goto -e*)] + 818y - €%)

2 m
+(1-TT-oleo-e*I?
r=3

4—51
(1-63)

(¥ + 1)(Goto - )| + 83160 - €4 }+(1—ﬁ(1—6§))neo—e*n2

ﬂu_a;){(l 51))2“(1 57y (6ot =€) +31Gofo - £°)

+(1—1f1531)((‘1'+1)(Go€o—€*>>||2+6§||eo—€*||2} (1-Ta-&))eo-e* P

r=3

f[(l—é’ {((;j))zu(l [(W(Golo - %) + F1Golo - €*) = (W + 1)(Golo - £*)]

+(1P+ 1)(G0€0 —g*)

2 m
+ 831160 —€*||2} +(1-TT-8)leo-€*IP
r=3

ﬁ(l—ég){((;,1513))2{(W+1)2||G0€0 e +215 ((W(Goly - £*) + T2 Golo - €*)

~(¥+1)(Golo ~ €%),j((¥ +1)(Goo - €¥)))

IRG
+ZBZ(1 151) ||(‘P(Go€o—€*)+51G0€0-€*)—(q"*l)(GOéo_g*)Hz}
- 03

PLOS One | https://doi.org/10.1371/journal.pone.0329105 August 28, 2025 14/ 29



https://doi.org/10.1371/journal.pone.0329105

PLOS One

Variational inequality methods

IA

+8311¢0 —€*II2} +(1-TT-8))lleo-€*I
r=3

H(l—cs’ {“ O f (W 1)2l1Goto - 0% +2 fg (W(Goto - £%)

+1)2
+\51G0€0 —6*,]((11J + 1)(G0€0 —3*))>
1 2
2M(€* ~ Goto,j(Goto - %))

h m
+232( 1 1) 151 Goo - Goto| }+6§||€0_€*||2}+(1_H(1_5§))”€0_€*Hz

3 r=3

fla-a{§2

“A(I-S81)Gobol*] - 2

1

o
1P 2 [ 1 MGl - £

S1(¥+1)2

£* — Goby|?
5] Il 0€ol|

+232( _153) ||\51G0€0—G0€0|| + 6! ||€0_€*|| }}+(1_ﬁ3[(1_5;))||€0_€*”2
5 r 1 % 2 * 112
gu—ag){(ﬂp (w176t - 07
-21;1(1 B( - a ))II(I $1)GotolI’}

+831¢0 —€*I|2} +(1-JT-89))lleo-€*|?
r=3

< TTQ-8)I1-8)N1Gob - €*I1* + 831160 - * [+ (1 - [ [(1-85))lle0 - €* |
r=3 r=3
2 2 2
= JIa-8)leo-e*|1*+ (1 -TT(1-&)leo -l
r=2 r=2
= |6 - €| (2.5)
It therefore follows from (2.5) that
|G€0 - €*|1* <160 - €)% (2.6)
for every r=1,2,---,m. Also, since for t = 1,2, --,m - 1, we obtain, using (2.5), that
m m
leo-¢*IP < JJ(1-8)IGo-¢*IP+ (1= T (1-689)II¢0 - €|

—

r=t+1

ﬂ
Il
-

+

(1= 87) 1900 (8! SeosGet + 8LGiy + BL1) o - €%

rqumE

+1

)
-

r

+(1- H(l -8)Ieo - €11

r=t+1

‘I’(5§

] (lth,lva + Sth,leo) + 5£Gt,1€0 + 5§€0)

Hgs

PLOS One | https://doi.org/10.1371/journal.pone.0329105 August 28, 2025 15/29



https://doi.org/10.1371/journal.pone.0329105

PLOS One Variational inequality methods

1 st
+ﬁ6f(qx (¥Gi 18 + BiGr16) + 834Gy 160 + 8560 ) - €*
m
+(1- [T -8l -1
r=t+1
- rgl(l (IP 1)2 H (lth_leo +D,Gi10)) + 84Girlo + 8560

t
_(qf (WG 16" + FiGrrl*) + 85Gia£* + 850
t

5t
+3 ( (PGiibo + S1Grrfo) + 85Grrto +8 ‘)

}

5t
3 (WG + B,Gia£¥) + 8Gi " + 840

P+l
+(1- TT-8))leo- P
< f[u-a;){(lyil)z 3,Gi1£0)
+81Ge100+ 830 ¢*|| |} + (1- 1‘N[(1—6;))||eo—e*||2
‘ 8] ~ 2
= r];[l(l 5) H(l 5 (1P+1)(1_55)(IPGt—1€O+‘\Sth—1€O)+( 53)Gt—1€0:|
wico- 0|} + (1= TL-8)lea-e* P
- r ‘ 8] *
= rgl(1—53) (1—53)[W('{’(GH€0 €*) +3:Gr 16y - €)
(1f53)(Gt1€0 >]+5‘(€o-€* 2+(1—117+[1<1—5§))||€o—€*||2
- ) *
< rH1(1_63){(‘I‘ 1)2H )(W(G, 180~ 0%) + F,Gi1 b - €%)
+(15t )<<W+1)<Gt_1eo—e*>>|| + 85160 - €*|1 }+<1— [Ta-80le-eti
_ ﬂ(pé;){(qul))zu (G 180~ 0%) + B,Gy1 8 - €%)

o1 e ”(G'-l%“’*))HZ +f55||€o-€*llz} c(1-TLa-8)leo-*IF

t
63 r=t+1

- f[u { 1)2H1 o [(W(Gp1ly - €%) + BiGrr o - €%)

r=t+1

—(IP-F 1)(G271€0 —6*)] + (IP-F 1)(Gt71€0 - e*

2
+5.5,||€o—€*||2}

O e

r=t+1

PLOS One | https://doi.org/10.1371/journal.pone.0329105 August 28, 2025 16/ 29



https://doi.org/10.1371/journal.pone.0329105

PLOS One Variational inequality methods

< r (1_55) 2 *112 55 *
< rl:rll(l—63){(lp+l)2{(l1’+l) G160 = €*1F + 20 =5 ((¥(Grio =€)
+3tG1_1€0—€*)—(q’+1)(Gt_1€0—€*),j((lp+1)(Gt_1€o—€*)))
8\
+287( s ) 1(¥(Gi1bo — €*) + B.Gr1€0 - €*) = (¥ + 1)(Girbo - €)1}
)
+5§|I€o—€*llz}+(1—l—[(1—5§))ll€o—€*ll2
r=t+1
5 ) (1-85) > K, O x
= 1- ¥+1 160 - 2 W(Gi1ty -
I« 53>{(q,+1)2{< #12G 160 = €I + 215 (¥(Gralo - €)
+5:G 160 - €%,j((P +1)(G1Co - €¥)))
SH(¥+1)?
+21(175t)<€* - Gt_lg(),j(G()vﬂt_l - €*)>
- Y3
2 5{ 2 (a3 € € 2 5t € * (12 & 57‘ * (12
+2B( 5 ) 19:Gialo - Geaol*} + 851160 - £¥1P p+ (1= T (1-80)lleo - €7
V3 r=t+1
- r (1_55) 2 * 112 5; 2 * (12
< rgl(l—53){(q]+l)2{(‘ll+l) G180 - €| +21_75§[(1p+1) 1Gi-180 - €*|
SH(W+1)?
A-5)GelP) 22D et
)
B(=2L ) 19,6110 - Gatol + 8416y - €*| i 85))1€0 - €7
+2B( s ) 18Gearto - Gl + 8¥llea - %I}y + (1= TT (1-80)lleo - €7
-3 r=t+1
5 (1-33) 2 2
- 1-6 W+ 1)2|Gby - €
rgl( 3){(‘I’+1)2{( + )|| t-1t0 I
5i 2 51{ [ 2
25 (B (g )T - 806l
+5;||€o—€*||2} +(1- TT(-8))li6o - €17
r=t+1
it follows that
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< ﬁ(l—5§)||(1—OC§)(G2€0—€*)+“§(€o—€*)||2
+(1-ﬂ(1-5§))||€o-€*||2

- TTO-e00-e) (i (2E =)+ ata= %)) wcilo-
+(1-ﬂ(1-5§))||€o-€*||2

< H(l— 3){(1 a3)||T(€0—€*)+62€0—€*||2+0c§’||€0—€*||2

r=4

-87(1-87)g(1182¢0 —€o||)} +(1- ﬂ(l - 85160 - €17
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< JIa-8){-a)lie-e* 7+ aaliéo - %I
r=4

-67(1-67)g(118260 - €ol)} + (1 - TT(1 - 8))lI6o - €* 1. (2.12)
r=4
(2.12) implies that
¢(118260 - €o]]) = 0. (2.13)

Assume that 8,€, # €y, then we have ||8,€( - €o|| > 0. By the properties of g, we have

0=g(0) <g([18260 - €oll) = 0. (2.14)

This is a contradiction. Thus, 8,€ = €. Using (2.10), we get 8,€ = €y = G2 €.
From Definition 2.2, we obtain G3¢ as follows:

Gty = 0u3(a]SBwsGalo +a3Grto + 0‘230)
= B[ ((1 - @)Gaty + wF3Ga8y) + a3 Goby + a3 0]
= w3 ((1-w)Grly + wGrty) + a3 Gaty + a3by]
= BusalGrty + 3Gy + adty]
= Bus[(1-03)Gaty + a38,]
= Ejco,3€0
= ((1-w)l+wd;)¢

1
= W(IP€0+62€0)

Using the same approach as in above, we obtain
9380 = €y = G3€,.
By continuing in this manner, we can conclude that
8,60 =4y = Gy, (2.15)

forr=1,2,---,m - 1. Now, since using (2.5) and (2.15), we obtain

”€0_€*H2 < H(l 5r {(1 5:‘)2{(11"4'1)2||GN—1€O_€*”2

m
1

+2
1-67

[(¥+1)*(IGyrbo - €1

SM(¥+1)2

A= Sm)Gmrbol]*] -2
||( 3 ) 10||] 1_5gn

16 - Gurrboll
[[cHen leo—cm-leonz+6;"||eo—e*||2}}

-TT0-8)le -1
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- f[u - 5;){ E;alg;z {(lh 1)%(16 - €* |7

2.2 (1-# () a-soper)

+63'[|€o —€*II2} +(1-TTa-8)leo- eI
r=3

- f[u—é;){““sg"){(wl)z”eo—e*uz

(¥+1)2
5?1 2 5?1 [ 2

205 (B (g ) T - Sl

ST -8 - 1P + (1~ T[(1- 8160 - * I

r=3 r=3

- ap_, 0 2 O .
_ 5(1—53) 6o - €| —21_5§(A—B (1_55))”(1_%)50”

+(1-TTa-8)leo- €11

r=2
it follows that
Smbo =o- (2.16)

From (2.15) and the definition of D* in Definition 2.2, we get

by = D5 =Gplo=00um(al'SwmGmibo + &y G 1€y + ai'éy)
= Apm[a (1 -w)Gp1€o + WS nGm1€0) + oy G1€o + ' €o]
= Oum[a] (1 -@0)Gp1€o + WGy1€o) + &y G1€o + a6y
= Oum[o]'Gua€o + oy Gp1€0 + a5 o]
= Oum[(1-a))Gp 1€+ 7y €]
= aw,mbpo
= ((1-w)l+wd,)éy
1

= Wy +0,,80),
1P+1( 0 o)

which implies that
8o = €o.

Considering the above information, we have the following:

o€ F(3,) and by [ F(G,) (2.17)
r=1 r=1

Now, since

Gi160 = :Gr1 6o, fort=1,2,-,m -1,
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and ¢y € (-, F(G,), it follows that
Sibo =4, fort=1,2,--,m-1

Thus, from (2.16), we get
NS ﬂ F(S,). (2.18)
r=1

Also, from (2.17) and (2.18), we get

o[ VF@)n[)F(S)). (2.19)
r=1 i=1

m

m
Consequently, D* C (F(8,) N (E(S,) It is not difficult to see that
r=1 1

NF@) 0 (E(S,) <D

r=1 r=1

By applying (2.5), it is not difficult to see that the mapping D* is non-expansive. O
We now prove the following important lemmas to obtain the next results.

Lemma 2.1. Let & be a strictly convex Banach space and C C &. Let §1 and 3, be two -
enriched non-expansive mapping (ENM) from € into itself with F(S,) N F(S,) # 0 Definea
mapping W: 6 — € by

W€ =7,€ + (1 —7T)82€,V€ €L, (2.20)

where T € (0,1) is a constant. Then, W is an ENM and F(W) = F(J1) N F(S3,).

Proof: For every ¢,w° € € and (2.20), we obtain

IWe -ww’|| = ||7381€+(1-7)388 - (31w° + (1-7)F@)|

= ||Z[P(E-w°)+ 3¢ -S1@° |+ (1-71)[P(€ -w°) + T52f - B,
-¥(¢-=)||

< 7#¥(E-w°)+S51€-31@°|| + ||(1-7)[P(€ -w°) + Bl - Srw’]
-¥(¢-=)|l

< 7P -w°) + 316 -3, + (1-7)||[W(€ -=°) + Tl - 3 @°||
+9)|¢ - w°||

< a@P+D)|e-=°||+(1-7)(¥+1)||€ -w°| +¥|€ -=°

= Q¥+ 1)||¢ -

Observe that 2% € [0, o0) whenever ¥ € [0, ). Hence, W is an ENM and F(W) =
F(S1) NF(S,). i

Lemma 2.2. Let & be a strictly convex Banach space and CC &. Let 31,3, and 33 be three
W-enriched non-expansive mappings from € into itself with F(31) N F(S,) N F(J3) # 0. Define
a mapping W by

WE =736 + w38 + 9336,V €F,
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where 7T, w, ¢ € (0, 1) are constants with 7w + w + ¢ = 1. Then, W is an ENM and F(W)
=F(\(~51) ﬂF(Sz) ﬂF(S3).

Proof: Using the definition of the mapping W, we get

We = 73F1€+ 0S8+ eS8

52€+ 14 S3€)
1-m 1-m

318+ (1-m)

7318 + (1 —71)(

= 75,¢+(1-7)Up¢, (2.21)

o) o)
where U, = N 3o+ (1 -1 )53. It therefore follows from Lemma 2.1 that F(U;) =

- -7
F(S,) N F(S5) and U, is ENM. Also, (2.21) and Lemma 2.1 give the conclusion that F(W) =
F(S1) N F(Uy) and W is ENM. Thus, F(W) = F(51) N F(2) N F(S3). o

Theorem 2.2. Let &, , Qy, o/, B,{S:}1, (¥, i), {8;} 1,8 and D* be as described in
Assumption Ay. Let {€,}52, be a sequence developed by €,,u € € as

Ot = Tpth + Wyl + 0,Qe (I - a? ), + 0, Qi (1- bB)E, + E,D¢,,Vn > 1, (2.22)

where {70,321 {cn 12 {on v {@n a2 {Sn a2 C [0, 1] with 70+, + 4 + @ + &4 = 1 and
satisfying the requirements of Assumption A, Then, {€,}5, converges strongly to vy = Qzu,
where Qg is the sunny non-expansive retraction of € onto 7.

Proof: Since Q¢ (I - a</) and Qy (I - bA) belong to the class of nonexpansive mappings
(see [10] for details), we move on to show that the sequences {€,}52,, {Quz(I-a2?)€,}2,,
{Qe(I-b8)6,}2, and {D*¢,}2, are bounded. To achieve this, let £* € .F. Then,
using Lemma 1.3, we obtain that £* € F(Q¢ (I-a<?)), F(Qz (I-b%)). Using (3.1),

we get
€ne1 = €%l = |7uth + @ply+ puQe(I- a7 )l + @uQe (I~ bB)E, + §, DA, - 07|
< wullu= €|+ wullln - €¥1 + pull Qe (I - ac? )€, - €|
+@ul|Qes (1= bB)E, - €¥|| + £,||D 6, - 07|
< wullu = €|+ wul|€n = €| + pall€n = €| + @ull€n - €7

+&all€n = €]
= mllu- ¥+ (1-7)[16n - €7
< max{|ju-€*||, 1€ - €¥]I}.

Using inductional hypothesis, we get

1€ = €| < max{]ju-€*|}, 1161 - €* |}

Hence, the sequence {¢,}%; is bounded. As a consequence, the sequences

{Qu(I1-a27)6,}2,,{Qs(I-bB)¢,}2, and {D*¢,}2, are also bounded.
Next, we prove that lim,,_, « ||€,+1 — €4|| = 0. Using (3.1), we obtain the following estimates;
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1701t + @by + Qs (I - ac? )€, + ,Qu (I - bRB)E, + £,D ¢,
—[77.'”,114 + CUn—lgn—l + Pn—lQ‘g(I_ ad)gn—l + Pn-1 Q%(I_ b%)en—l
+§n—1DA€n—1]”

||€n+1 _€n||

<z = paa|llull + wnllén = €naall + [ = @n-a || €01l
+onlQe (I - a? )y - Qe (I- adl )u i | + |on = Pu-all| Qe (I - a? )i |
+@ul| Qe (I-0B)Cn - Qs (I-bB)Cnrll + |0n — Pn1[[| Qe (I - bB) |
+&alID wpy = DA || + [€nr - E4lID 0]

< (A=m)ln = Cuaall + 1700 = T [[[ul] + |on = copr|[|€n-1

+on = Pna|lQw (I - ad? )1l + |90 = Pur||Qw (I - %) L]
+&no1 = EnllIDAE0]l. (2.23)

(2.23) and Lemma 1.6 imply that
lim [[£,1 - £4]] =0. (224)
Next, we prove that
lim (| Qe (1- a8, - €, = lim Qe (1-b2)6, ~ ¢,]| = lim [[D*¢, - £,]| =0 (2.25)
Using (3.1), we obtain

€1 = €517 = |17mn(u =€)+ @,(€, - €%) + pu(Qe(I-a? )€, - €*)
+@u(Qe (I-bB), - €*) + £,(D e, - %)

n —€*
= co,,(€n_€*)+p,,(Q<g(I—a,¢zf)€,,—g*)+(7zn+qo,,+§,,)(77:£u¢+§)
0n(Qu (1~ bB)E, - €*) 111,1(1)1“5,1-19*))“2
+ +
7Tn+<0n+§n 7Tn+§0n+§n
= |wn(€n—€%) + pu(Qe(I-ac? )b, —€*) + vus,||, (2.26)

(- 6%) . 0n(Que(1-bB)E, - £*) . £,(DA¢, - €%)

7Tn+g0n+§n nn+¢n+§n ﬂn+¢n+§n ’
Since (2.26) and Lemma 1.2 imply

where v, =7, + ¢, + &, and s, =

||€n+l_€*||2 < wn||€n_€*||2+Pn||Q‘€(I_“%)€n_€*”2+Vn”5n”2
_wnpng(||€n - ch([- aﬂf)v”nH)
Talu - €*|1° . @nllQe (I1-0RB)¢, - £*|]

nn+¢n+§n 7Z'n+§0n+§n

IA

(@n +pn)||€n _5*”2 + Vn(

&lDAe, - £

Ty + @u t gn
(@n + Pu)ll€n = €| + 7ullu = €%|* + @l Qi (I- bB) €, - €7 ||
+§n||DA€n ‘é*HZ - W ong(||€n - Qe (I-ae?),]|)

) - wnyng(llgn - Q‘K(I_ av(z{)gn”)

IA
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IA

(@n + ) |l€n _€*||2 + 70, ||u _€*||2 +@nl|€n _€*||
+&ull€n _€*||2wnpn -8(|l€n - Qe (I-as)t,])
[[€n _€*||2 +70,||u _é*ll2 _a’nyng(H”pn - Qg (I-ad)t,])),

it follows that

wupng([16n - Qs (I-ac?)eull) < [16n=€*|* = 1|€nsr - €|

+70a||u - €)% (2.27)
Observe that
16w =€*17 = |€n=Cnir +Cnir - €*II
= 1w~ Cnarll® +201€n ~ Cuitllll€nsr - €¥1 + €1 - €*]
so that
1€ = €* 11> = €1 = €117 = (160 = sl + 211€ns1 = €*IDI€n = Cuial.  (2.28)

(2:27) and (2.28) imply that

cunp,,g(||€n - Q%(I_ ad)enn) < (In=Cunall +2[[€ns1 - €*||)||€n ~Cna1l|
+7T,|lu - €% (2.29)

From (2.24), (2.29) and condition (a), we have
lim g(|[€n - Qs (I-as/)e,]]) =0,
which by employing properties of g yields
lim (16, - Qs (I ac/)£,]| =0. (2:30)

By using similar argument as in (2.30), we obtain

lim [|€, - Q¢ (I- bB)¢,|| = lim ||€, - D*¢,|| =0. (2.31)
Define
Ve =aD¢ +BQu(I-ad? )l +yQu(I-bAB)e, (2.32)

for all ¢ € ¢ with a+f+y = 1. Lemma 2.2 implies that F(V) = F(Qw (I-a</ NF(Q« (I-b%#))N

F(D*) while Lemma 1.3 and Theorem 2.1 imply that % = ¥ = (E(S;)N[F(8;)NS(¥, /)N
r=1 r=1

S(€, ). Using (2.32), we obtain

1V €n-all < allD6 - €ull + BlIQw (I - as ), - 4]l + || Q (I - bB) €, - €4,

which by (2.31) gives
lim ||¥ €, - €,|| = 0. (2.33)
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(2.33) and Lemma 1.5 imply that

lim sup(u - vy, j(€, - v9)) <0, (2.34)

n—-oo

where vy = Qg u.
Lastly, we show that the sequence {€,}32, converges strongly to vy = Qg u.

|70 (= vo) + @, (€n - o) + Pru(Qe(I-ad?)e, - vy)
+@n(Qu (I-bA) e, —€*) + gn(DAen _7’0)”2

[1€041 = voll*

(Q%(I- asl )€, -v)

L 2n(Qe(I-bB),-w) £ (D¢, _vo))H

1-m, 1-m,

C‘)n(gn_vo) Pn
< (1—7rn)( T (1_nn)(Q<g(I—aﬂf)€n—vO)
2
Qe (I-bB)E, - (DA¢, - .
4 2n(Qef l—nn) %) , Sn — VO)) + 270, (4 = v0,j(€ne1 -~ Vo))
< (V=71 - voll* + 27w,{th = Vo, j(€ns1 = Vo). (2.35)

(2.35), condition (a) and Lemma 1.6 imply that lim,, ||€x - vo|| =0, and the proof is com-
pleted O

3 Application

The following strong convergence theorems could be obtained from our main results in the
setup of real Banach space. In the sequel, we need the following lemma which is an immediate
consequence of Theorem 2.1 and Definition 1.4.

Lemma3.1. Let &,%, Qg, {Si}1, (W, Bi), 8; and D be as described in Assumption A,.
Let D be an W- enriched S*-mapping developed from the sequences {;}", and {8;}",. Then,
F($*) = X, F(S:) and D is nonexpansive.

Theorem 3.1. Let &, 6, Qy, o/, B, {3}, 8; and D* be as described in Assumption A,. Let
{€,}2, be a sequence developed by €1,u € € as

Cpo1 = Tl + Wl + PnQu (I - a? ), + Qe (I - bB)E, + £,D*¢,,¥n > 1, (3.1)

where {70,321 {@n 121 {on a2 {@n}n2es {u b2y C [0, 1] with 7T, + @y + pu + @ + &4 = 1 and
satisfying the requirements of Assumption A, Then, {€,}52, converges strongly to vy = Qzu,
where Qg is the sunny non-expansive retraction of € onto 7.

Proof: SetI=08; =8, =83 =--- = 0, in Theorem 2.2. Then, the result follows immediately
from Lemma 3.1 and Theorem 2.2. O

Theorem 3.2. Let &,%, Qy, </, B, {SS:}1, and 8; be as described in Assumption Ay. Define
a mapping ¥;: € — € by Qe (I - A,)€ = Vi€, where A; € ( , %) and B is the 2-uniformly
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smooth constant of &, for all € € € and for all i =1,2,---,m. Let S* be an V- enriched D*-
mapping developed from the sequences {3}, and {8;}1,. Let {€,}32, be a sequence devel-
oped by €1,u €€ as

Crsr = Tath + Wl + 0, Qe (I - ad? ), + 9, Qe (I - bB)E, + £,D*,,¥n > 1, (3.2)

where {7, 1321, {wn} o2 {on oot {@n ooy, {8n )52, C [0, 1] with 7w, + wy + Py + @n + & =1 and
satisfying the requirements of Assumption A, Then, {€,}>, converges strongly to vy = Qzu,
where Qg is the sunny non-expansive retraction of € onto ..

Proof: It is easy to see, by using similar argument as in the one used in [10] in an attempt to
show that Q4 (I - a</)¢ is non-expansive, that {#;}Y, is non-expansive mapping. Since from
Lemma 1.3 F(¥) = S(%, <), for all i = 1,2, -, m, the conclusion of the proof follows directly
from Theorem 2.2. ]

4 Conclusions

In this study, the idea of W-enriched D* mapping is introduced in the setup of a real Banach
spaces which generalizes several well-known and vital mappings in the literature. We demon-
strated the existence of fixed points of W-enriched D* mapping in the setting of 2-uniformly
smooth and uniformly convex Banach space. Furthermore, we obtained a common element
of finite families of 3;-enriched non-expansive mappings, and (¥, f3;)-enriched strictly psue-
docontractive mappings and variational inequality problems by using newly defined mapping
and Mann-Halpern type iterative method. Several previously known results are obtained by
our main results. The results of this paper gave an affirmative answer to Question 1.1.
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